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In this paper we study classical general relativistic static wormhole configurations with pseudo-
spherical symmetry. We show that in addition to the hyperbolic wormhole solutions discussed by
Lobo and Mimoso in the Ref. Phys. Rev. D 82, 044034 (2010), there exists another wormhole
class, which is truly pseudo-spherical counterpart of spherical Morris-Thorne wormhole (contrary
to the Lobo-Mimoso wormhole class), since all constraints originally defined by Morris and Thorne
for spherically symmetric wormholes are satisfied. We show that, for both classes of hyperbolic
wormholes the energy density, at the throat, is always negative, while the radial pressure is positive,
contrary to the spherically symmetric Morris-Thorne wormhole. Specific hyperbolic wormholes are
constructed and discussed by imposing different conditions for the radial and lateral pressures, or
by considering restricted choices for the redshift and the shape functions. In particular, we show
that an hyperbolic wormhole can not be sustained at the throat by phantom energy, and that
there are pseudo-spherically symmetric wormholes supported by matter with isotropic pressure and
characterized by space sections with an angle deficit (or excess).
PACS numbers: 04.20.Jb, 04.70.Dy,11.10.Kk
I. INTRODUCTION
In classical general relativity the Einstein field equa-
tions admit a simple and interesting class of static solu-
tions describing tunnels in spacetime, connecting either
two remote regions of our Universe or even different uni-
verses. Far from the tunnel, spacetime may either be flat
or curved geometry. These geometrical configurations are
called wormholes.
The spacetime wormhole ansatz of Morris and Thorne
was formulated originally for static spherically symmetric
metrics in the form [1, 2]
ds2 = e2φ(r)dt2 − dr
2
1− b(r)r
− r2 (dθ2 + sin2 θdφ2) , (1)
where eφ(r) and b(r) are arbitrary functions of the radial
coordinate. In general, any static spherically symmet-
ric spacetime may be written in the form of Eq. (1). In
the case of wormhole configurations eφ(r) and b(r) are re-
ferred to as redshift function and shape function respec-
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tively. In order to have a wormhole these two functions
must satisfy some general constraints discussed by the
authors in Ref. [1, 2]. These constraints provide a mini-
mum set of conditions which lead to a geometry featuring
two regions connected by a bridge, and are defined by:
Constraint 1: A no-horizon condition, i.e. eφ(r) is finite
throughout the spacetime in order to ensure the absence
of horizons and singularities.
Constraint 2: Minimum value of the r-coordinate, i.e.
at the throat of the wormhole r = b(r) = r0, r0 being the
minimum value of r.
Constraint 3: Finiteness of the proper radial distance,
i.e.
b(r)
r
≤ 1, (2)
(for r ≥ r0) throughout the spacetime. The equality sign
holds only at the throat. Eq. (2) is required in order to
ensure the finiteness of the proper radial distance l(r)
defined by
l(r) = ±
∫ r
r0
dr√
1− b(r)r
, (3)
where the ± signs refer to the two asymptotically flat
regions which are connected by the wormhole. Note that
2the condition (2) assures that the metric component grr
in Eq. (1) does not change its sign for any r ≥ r0.
Constraint 4: Asymptotic flatness condition, i.e. as
l→ ±∞ (or equivalently, r →∞) then
b(r)
r
→ 0. (4)
Although asymptotically flat wormhole geometries are
of particular interest more general wormhole spacetimes
also have been studied in the literature [3].
Wormholes are sustained by exotic matter sources
which would violate all the energy conditions [1, 2].
Static wormholes supported by phantom energy also have
been constructed [4, 5]. In this case the notion of phan-
tom energy is used in a more general sense than it has
been used in standard cosmology, where sources are char-
acterized by an isotropic pressure. For static spacetimes
the phantom matter threading the wormholes is essen-
tially an inhomogeneous and anisotropic fluid with radial
and lateral pressures satisfying the relation pr 6= pl. This
inhomogeneous and anisotropic phantom matter has a
very strong negative radial pressure with the equation of
state pr/ρ < −1 (note that this implies that the energy
density is positive).
It is remarkable that wormhole configurations may be
constructed without needing any form of exotic mat-
ter sources in the framework of alternative theories of
gravity, such as Einstein-Gauss-Bonnet theory, Lovelock
models, Brans-Dicke theory, among others [6].
In this paper we examine the extension of spheri-
cally symmetric Morris and Thorne wormholes to pseudo-
spherically symmetric Lorentzian spacetimes, i.e. to
wormholes with negatively curved spatial sections sat-
isfying the four constraints enumerated above.
The first analysis of static pseudo-spherically symmet-
ric wormholes was made in Ref. [7], where the authors
explored physical properties and characteristics of these
hyperbolic solutions, and analyzed some specific static
wormhole solutions supported by exotic matter. Lobo
and Mimoso study a class of hyperbolic wormholes which
differ radically from the Morris-Thorne wormholes. In
particular, this type of wormholes does not satisfy the
condition (2), on the other hand, for example, it was
shown that at the throat the energy density of the mate-
rial threading the hyperbolic spacetime tunnel is always
negative, while the radial pressure is positive, contrary
to the spherically symmetric Morris-Thorne counterpart.
In this work we further explore these pseudo-
spherically symmetric wormholes. In particular, we show
that there exist another class of hyperbolic wormholes
that satisfy all constraints summarized and enumerated
above, which were originally formulated by Morris and
Thorne (in the following M-T).
In order to compare both classes of pseudo-spherical
wormholes we summarize the constraints of traversable
hyperbolic tunnels formulated by Lobo and Mimoso (in
the following L-M). The spacetime wormhole ansatz of
Lobo and Mimoso is written in the form [7]
ds2 = e2φ(r)dt2 − dr
2
b(r)
r − 1
− r2 (dθ2 + sinh2 θdφ2) , (5)
where eφ(r) and b(r) are the redshift and the shape func-
tions respectively.
The Constraint 1, on the absence of horizons, and Con-
straint 2, on the minimum value of the r-coordinate at
the throat of the wormhole, are the same, implying that
we must require that eφ(r) is finite throughout the space-
time, and that b(r0) = r0, respectively.
For the Constraint 3 the Eq. (2) is not more fulfilled
by hyperbolic L-M wormholes. The metric (5) imposes
the condition
b(r)
r
≥ 1, (6)
for having grr > 0 for r ≥ r0.
The current formulation of the M-T Constraint 4, on
asymptotic flatness condition, clearly is not fulfilled by
the metric (5), since Eq. (6) implies that, as r →∞, the
relation (4) can not be fulfilled at all (note also that if
b(r)/r → 0, then the radial metric component in Eq. (5)
becomes negative).
Notice that Lobo and Mimoso consider that the con-
structed static and pseudo-spherically symmetric space-
time tunnels are made by adding exotic matter to the
vacuum solution eφ(r) = 2µ/r − 1, b(r) = 2µ, which
is the pseudo-spherically counterpart of the vacuum
Schwarzschild solution. We shall address this statement
in the conclusion section.
The paper is organized as follows. In Sec. II we write
the Einstein equations for static pseudo-spherically sym-
metric spacetimes. In Sec. III we analyze hyperbolic
wormholes sustained by a matter source with anisotropic
pressure, characterized by a linear equation of state for
the radial pressure, and obtain hyperbolic counterparts
of spherical zero-tidal-force wormholes. In Sec. IV we
analyze pseudo-spherical wormhole models sustained by
a fluid with isotropic pressure. In Section V we discuss
our results.
II. FIELD EQUATIONS FOR STATIC
PSEUDO-SPHERICALLY SYMMETRIC
SPACETIMES
In order to describe hyperbolic M-T wormhole class we
shall use the wormhole ansatz in the form
ds2 = e2φ(r)dt2 − dr
2
1− b(r)r
− r2dΩ2ps, (7)
where dΩ2ps = dθ
2 + sinh2 θdφ2, eφ(r) and b(r) are arbi-
trary functions of the radial coordinate, and the usual
two-dimensional spheres dθ2 + sin2 θdφ2 of the met-
ric (1) are replaced by two-dimensional pseudo-spheres
3dθ2+sinh2 θdφ2. The coordinates θ and φ in this case are
defined in the ranges −∞ < θ < ∞ and 0 ≤ φ ≤ 2π re-
spectively. In general, any static pseudo-spherically sym-
metric spacetime may be written in the form (5) or (7).
The essential characteristics of a wormhole geometry are
still encoded in the spacelike section, so as in spherically
symmetric wormholes, we shall call eφ(r) and b(r) the
redshift and shape functions respectively.
The L-M metric (5) differs from Eq. (7) only by the
metric component grr. It becomes clear that if we im-
pose conditions on the redshift function or on the en-
ergy density and pressures (by requiring, for example, an
equation of state) the spacetimes generated by the met-
ric ansatz (5) and (7), and satisfying the Einstein equa-
tions, will be the same solutions. However, if we con-
struct wormhole solutions by imposing specific restricted
choices for the shape function, the constraints imposed
by the metrics (5) and (7) on b(r) may be quite different.
Effectively, if we consider for example the shape function
in the form b(r) = r0(r/r0)
α, the ansatz metric (5), used
in Ref. [7], implies that the radial metric component is
given by g−1rr =
(
r
r0
)α−1
− 1. Then, in order to have
grr > 0, for r ≥ r0, we must require that α > 1. On
the other hand, for the same form of the shape function
we have that the metric (7) implies that the radial met-
ric component is given by g−1rr = 1 −
(
r
r0
)α−1
. Then,
in order to have grr > 0, for r ≥ r0, we must require
that α < 1. This statement will be addressed below by
considering this specific form of the shape function b(r).
By assuming that the matter content is described by
a single imperfect fluid, from the Einstein field equations
we obtain
κρ(r) =
b′ − 2
r2
, (8)
κpr(r) = 2
(
1− b
r
)
φ′
r
− b
r3
+
2
r2
, (9)
κpl(r) =
(
1− b
r
)
×[
φ′′ + φ′ 2 − b
′r + b− 2r
2r(r − b) φ
′ − b
′r − b
2r2(r − b)
]
, (10)
where κ = 8πG, prime denotes ∂/∂r, ρ is the energy
density, and pr and pl are the radial and lateral pressures
respectively.
From Eqs. (8)-(10) we obtain the hydrostatic equation
for equilibrium of the matter content sustaining the hy-
perbolic wormhole geometry, which is given by
p′r =
2(pl − pr)
r
− (ρ+ pr)φ′. (11)
Summarizing, we have a system of three equations (8)-
(10), with five unknown functions: eφ(r), b(r), ρ(r), pr(r),
and pl(r). To construct hyperbolic wormholes we must
constraint two of these five functions. In order to make
this we will consider specific equations of state for pr or
pl, impose the condition pr = pl, for having isotropic
pressure, or consider restricted choices for the redshift
and shape functions.
III. HYPERBOLIC WORMHOLES WITH pr = ωρ
Let us begin our study by considering pseudo-
spherical wormhole solutions sustained by a matter with
anisotropic pressure, characterized by the linear equation
of state
pr = ωρ, (12)
for the radial pressure. By using Eqs. (8), (9) and (12)
we obtain the following equation
ωrb′ + 2r(b − r)φ′ + b = 2(1 + ω)r. (13)
For zero-tidal-force wormholes, i.e. φ(r) = 0, we obtain
b(r) = 2r + Cr−1/ω , (14)
where C is an integration constant, and then we may
write the solution in the form
ds2 = dt2 − dr
2(
r
r0
)− 1+ωω − 1 − r
2dΩ2ps,
(15)
κρ =
(
r
r0
)−(3ω+1)/ω
ωr20
, (16)
κpl = −
(1 + ω)
(
r
r0
)−(3ω+1)/ω
2ωr20
. (17)
In this case we have that for r ≥ r0 the metric compo-
nent g−1rr ≥ 0 if −1 ≤ ω < 0. This implies that the
energy density is negative, and the pressures pr and pl
are positive. This solution was previously obtained by
the authors of Ref. [7]. If we instead of the equation of
state (12) require such a linear equation of state for the
lateral pressure, i.e. pl = ω˜ρ, then the same solution is
obtained. Both of them are connected by the transfor-
mation ω˜ = −(1 + ω)/2.
Now we will consider the wormhole solution generated
by imposing on the metric (7) the shape function in the
form b(r) = r0(r/r0)
α. From Eq. (13) we obtain that
eφ(r) =
A
(
r0
(
r
r0
)α
− r
) 1+2ω−αω
2(α−1)
(
r
r0
)−1+α(ω+2)
2(α−1)
, (18)
where A is an integration constant. Without any loss of
generality we can put A = 1. Now, since Eq. (18) implies
that eφ(r0) = 0, an event horizon is located at r0, imply-
ing that in this case we can have only non-traversable
hyperbolic wormholes (including the case α = 0).
4For avoiding this event horizon at r0, we need to im-
pose that α = (1+2ω)/ω, then eφ(r) =
(
r
r0
)−ω−1
. Hence
the solution takes the form
ds2 =
(
r
r0
)−2(ω+1)
dt2 − dr
2
1−
(
r
r0
)ω+1
ω
− r2dΩ2ps,
(19)
κρ =
(2ω + 1)
(
r
r0
) 1+ω
ω − 2ω
ωr2
, (20)
κpl = −
(1 + ω)
((
r
r0
) 1+ω
ω
(1 + 2ω)− 2(1 + ω)
)
2r2
,
(21)
where ω 6= −1. In order to have a wormhole we must
require −1 < ω < 0. Note that at the throat the en-
ergy density (20) takes the value ρ(r0) =
1
r20ω
, which is
negative for ω < 0. This matter configuration violates
the strong energy condition since ρ+ pr +2pl < 0 at the
throat. It is easy to see that for −1 < ω < 0 and r ≥ r0
the energy density is always negative, and pr > 0.
It is clear that the wormhole (15)-(17) is quite different
from the wormhole (19)-(21). For the first one, we have
that if r → ∞ then b(r)/r → −∞, while for the second
wormhole b(r)/r → 0. The latter behavior is the same
as of spherically symmetric M-T wormholes, since the
Eq. (2) is satisfied. So we can say that the wormhole (19)-
(21) is the hyperbolic version of the respective spherically
symmetric wormhole
ds2 =
(
r
r0
)−2(ω+1)
dt2 − dr
2
1−
(
r
r0
)ω+1
ω
+
r2
(
dθ2 + sin2 θdφ2
)
, (22)
which may be obtained by the replacement of sinh θ by
sin θ. However, note that the spherical wormhole (22)
does not fulfill the equation of state (12).
Lastly, in this section, we will construct the Lorentzian
hyperbolic M-T wormhole by imposing to the metric (7)
the restricted choices b(r) = r0(r/r0)
α, for the shape
function, and φ = 0, for the redshift function. This
wormhole is the counterpart of the zero-tidal-force spher-
ically symmetric Morris and Thorne wormhole discussed
in Ref. [1], which is given by
ds2 = dt2 − dr
2
1− ( r0r )1−α − r
2
(
dθ2 + sin2 θdφ2
)
, (23)
where α < 1. In this case the energy density and pres-
sures are given by
κρ =
α
(
r0
r
)3−α
r20
, (24)
κp = −
(
r0
r
)3−α
r20
, (25)
κpl =
(1 − α) ( r0r )3−α
2r20
, (26)
Note that this spherical spacetime is asymptotically flat
and the pressures satisfy linear equations of state. For
0 < α < 1 the energy density is positive, while for α < 0
it becomes negative.
Thus by putting φ = 0 and b(r) = r0(r/r0)
α into the
field equations (8)-(10) we obtain that the zero-tidal-force
hyperbolic counterpart is given by
ds2 = dt2 − dr
2
1− ( r0r )1−α − r
2dΩ2ps, (27)
κρ =
α
(
r0
r
)3−α
r20
− 2
r20
(r0
r
)2
, (28)
κpr = −
(
r0
r
)3−α
r20
+
2
r20
(r0
r
)2
, (29)
κpl =
(1− α) ( r0r )3−α
2r20
, (30)
where α < 1. It becomes clear that this zero-tidal-force
solution belongs to the hyperbolic M-T wormhole class,
while the zero-tidal-force wormhole (15) belongs to the
L-M wormhole class.
It can be shown that the energy density (28) is always
negative for r ≥ r0. The condition α < 1 implies that
for r ≈ 0 the first term of Eq. (28) dominates over the
second one. Then, ρ ≥ 0 for 0 < r ≤ r0( 2α )1/(α−1), and
ρ < 0 for r > r0(
2
α )
1/(α−1). However, for α < 1 always
r0(
2
α )
1/(α−1) < r0, implying that the energy density is
always negative for r ≥ r0.
It is interesting to note that the wormholes (23)
and (27) satisfy the energy condition ρ + pr + 2pl ≥ 0,
since for them we have that ρ+ pr + 2pl = 0.
Both wormholes have the same embedding diagrams
for slices t = const, θ = π/2 in the spherical metric (23),
and t = const, θ = ln(1 +
√
2) in the pseudo-spherical
metric (27).
Note that the background on which is constructed
the spherical wormhole (23) is the Minkowski spacetime,
since for r0 = 0 we have ρ = pr = pl = 0. On the other
hand, the asymptotic spacetime of the metric (23) is also
the Minkowski space.
The background on which we construct the hyperbolic
wormhole (27) is not an empty spacetime since for the
metric
ds2 = dt2 − dr2 − r2 (dθ2 + sinh2 θdφ2) , (31)
we have that
κρ = −κpr = − 2
r2
, (32)
κpl = 0. (33)
5This spacetime is not flat, but it is asymptotically locally
flat, since for r →∞ we obtain that ρ→ 0, pr → 0, and
for observers, who always remain at rest at constant r, θ
and φ, we obtain that, at the proper orthonormal basis,
the curvature R(α)(β)(γ)(δ) → 0 if r →∞.
Thus the interpretation is direct: we have constructed
a static wormhole on the non-empty and asymptotically
locally flat background (31) by adding the exotic matter
source given by (28)-(30) to it. Notice that this is not
true for all hyperbolic wormhole spacetimes. See, for
example, the wormhole metrics (15) or (36) below: the
backgrounds on which these wormholes are constructed
and their asymptotic spacetimes do not have the form of
the metric (31).
IV. PSEUDO-SPHERICAL WORMHOLES
WITH ISOTROPIC PRESSURE
Now, in this section, we shall construct new pseudo-
spherical wormholes sustained by a matter content with
isotropic pressure. The main condition for having an
isotropic pressure is to require for the radial and lateral
pressures the constraint pr = pl. Thus, for hyperbolic
spacetimes, from Eqs. (9) and (10), we have that equation
φ′′ + φ′ 2 − b
′r − 3b+ 2r
2r(r − b) φ
′ =
b′r − 3b+ 4r
2r2(r − b) (34)
must be fulfilled by the metric functions φ(r) and b(r).
From this equation we get for the shape function
b(r) =

∫ 2 (r2φ′′ + r2φ′2 − rφ′ − 2) e
∫
2r2φ′′+2r2φ′2−3rφ′−3
r(1+rφ′) dr
1 + rφ′
dr + C

 e−∫ 2r2φ′′+2r2φ′2−3rφ′−3r(1+rφ′) dr, (35)
where C is an integration constant. Equations (34)
and (35) have a general character since they do not in-
volve an equation of state for the energy density ρ and
the isotropic pressure p. Now we have three differential
equations for four unknown functions, namely φ(r), b(r),
ρ(r) and p(r). Thus, to study solutions to these field
equations, we shall consider restricted choices for one of
the unknown functions.
For zero-tidal-force wormhole configurations the re-
stricted form φ = φ0 = const must be required. By
putting φ(r) = const into Eq. (35) we obtain a space-
time of constant curvature defined by the shape function
b(r) = 2r + Cr3. In this case the metric, the pressure
and the energy density may be written in the form
ds2 = dt2 − dr
2(
r
r0
)2
− 1
− r2 (dθ2 + sinh2 θdφ2) , (36)
p = −ρ/3 = 1
κr20
, respectively. Note that the pressure
satisfies a barotropic equation of state with a state pa-
rameter ω = −1/3, describing a gas of strings. In a
Friedmann-Robertson-Walker universe this gas of strings
can change the observable topology of the space [8], while
in static spherically symmetric spacetimes it presence
produces rather bizarre geometries and it may influence
on the rotation curves, mimicking the dark matter ef-
fects [8].
The metric (36) describes a wormhole, which belongs
to the family of L-M solutions (15). The throat is located
at r = r0, the energy density is negative everywhere, and
the pressure is always positive. This hyperbolic worm-
hole is the static version of the evolving wormhole dis-
cussed in Ref. [9], which represents a spacetime of two
open Friedmann-Robertson-Walker universes connected
by a Lorentzian wormhole. The metric (36) is obtained
from the evolving wormhole studied in Ref. [9] by making
a(t) = const.
Now, we shall construct a master equation for the
shape function b(r), by using Eqs. (8), (11) and (34)
and assuming the linear equation of state pr = pl = ωρ.
The result of these manipulations provides the following
equation:
ω (1 + ω) b′′′ − 2
(
1
2 + ω
)
ωb′′2
b′ − 2 −
ω (2r − 6ωr + (5ω − 3) b+ r (1 + ω) b′) b′′
2r(r − b) +
63
(
4
3r(ω
2 + 1 + 4ω)− (1 + 163 ω + 53ω2)b+ r(13 + ω)(1 + ω)b′
)
(b′ − 2)
2r2(r − b) = 0. (37)
It can be shown that the previous discussed solu-
tion (36) satisfies the master equation (37) identically
as well as b(r) = 2r − 2µ, where µ is a constant. The
latter implies that
ds2 =
(
2µ
r
− 1
)
dt2 − dr
2
2µ
r − 1
− r2dΩ2ps, (38)
with ρ = pr = pl = 0, and represents the hyper-
bolic counterpart of the spherically symmetric vacuum
Schwarzschild solution. It must be noticed that the met-
ric (38) is static only in the region 0 < r < 2µ, there-
fore this hyperbolic solution does not represent neither a
black hole nor a non-traversable wormhole (for a discus-
sion about the spacetime (38) see [7] and the references
there in).
Another interesting solution to this master equation is
given by b(r) = 2r−A− 13Br3, and the metric takes the
form
ds2 =
(
A
r
+
1
3
Br2 − 1
)
dt2 − dr
2
A
r +
1
3Br
2 − 1 − r
2dΩ2ps,
(39)
where p = −ρ = B. This metric is the hyperbolic ver-
sion of the spherically symmetric Kottler solution [10]. It
is interesting to note that this solution may represents a
black hole spacetime for Einstein equations with a cosmo-
logical constant [11], and with an appropriate choice of
parameter values the spacetime may have a single event
horizon.
For A = 0 the spacetime (39) becomes a non-
traversable hyperbolic wormhole.
A. Hyperbolic wormhole solutions with isotropic
pressure for eφ(r) =
(
r
r0
)β
Now we shall impose a restricted form for the redshift
function. It is of interest to study hyperbolic wormhole
solutions generated by the redshift function
eφ(r) =
(
r
r0
)β
, (40)
with β a constant. In the case of spherically symmetric
wormholes, such a redshift function generates wormhole
spacetimes which are not asymptotically flat, being that
in the metric (7) gtt → ∞ for r → ∞ and β > 0, and
gtt → 0 for r →∞ and β < 0.
By putting Eq. (40) into Eq. (34) we obtain
b(r) =
β2 − 2β − 2
β2 − 2β − 1 r + Cr
− (2β+1)(β−3)1+β , (41)
where C is an integration constant. Then the metric is
given by
ds2 =
(
r
r0
)2β
dt2 −
dr2
1− β2−2β−2β2−2β−1 − C
(
r
r0
)− 2(β2−2β−1)1+β − r2dΩ2ps. (42)
This metric in the asymptotic limit r → ∞ describes
an hyperbolic spacetime carrying a topological defect for
(β2−2β−1)
1+β > 0 and C > 0, implying that the parameter
β varies in the ranges −1 < β < 1 − √2 or 1 + √2 <
β. Thus, if r → ∞ then b(r)/r → β2−2β−2β2−2β−1 , and the
asymptotic spacetime is given by
ds2 =
(
r
r0
)2β
dt2 − (β2 − 2 β − 1)dr2 − r2dΩ2ps,
which, by making (β2−2 β−1) r2 = ̺2, may be rewritten
as
ds2 =
(
̺
̺0
)2β
dt2 − d̺2 − (β2 − 2 β − 1)−1̺2dΩ2ps.(43)
This metric describes a space with an angle deficit (or
excess) and it may be interpreted as an hyperbolic space-
time carrying a topological defect. Such an asymptotic
spacetime with a topological defect does not exist for
the metric (42) fulfilling the constraints (β
2−2β−1)
1+β < 0
and C < 0. In this case we obtain that g−1rr →
|C| (r/r0)
∣∣∣2 (β2−2β−1)1+β ∣∣∣
for r→∞.
It must be noticed that, we use the term “angle deficit
(or excess)”, and not the term “solid angle deficit (or
excess)”, as it is used in the case of spherically symmet-
ric spacetimes, since only the coordinate φ describes an
angle in the range [0, 2π]. From the metric (43) we see
that for the two-dimensional pseudo-spheres we have that
α2̺2
(
dθ2 + sinh2 θdφ2
)
, where α2 = (β2−2 β−1)−1 > 0.
Thus, we see that the two-dimensional pseudo-spherical
part may be written as ̺2
(
dθ˜2 + sinh2(θ˜/α)dφ˜2
)
, where
θ˜ = αθ, φ˜ = αφ and α > 0, implying that −∞ < θ˜ <∞
and 0 ≤ φ˜ ≤ 2πα. It becomes clear that the new angle
φ˜ has an angle deficit for 0 < α < 1, and an angle excess
for α > 1.
Now, we shall show that the solution (42) includes hy-
perbolic L-M wormholes, as well as hyperbolic M-T ones.
7Metric Constraints Class ρ ≥ 0 ρ + pi ≥ 0 ρ + pr + 2pl ≥ 0
ds2 = dt2 − dr2(
r
r0
)− 1+ω
ω −1
− r2dΩ2ps, pr = ωρ, Φ(r) = 0, L-M No No No
−1 < ω < 0
ds2 =
(
r
r0
)−2(ω+1)
dt2 − dr2
1−
(
r
r0
) 1+ω
ω
− r2dΩ2ps, pr = ωρ, M-T No No No
−1 < ω < 0
ds2 = dt2 − dr2
1−
(
r0
r
)1−α − r2dΩ2ps, Φ(r) = 0, M-T No No Yes
α < 1
ds2 = dt2 − dr2(
r
r0
)2
−1
− r2dΩ2ps pr = pl, Φ(r) = 0 L-M No No No
ds2 =
(
r
r0
)2(1+√3)
dt2 − dr2
1−
(
r0
r
)2/(2+√3) − r2dΩ2ps pr = pl, eΦ(r) = ( rr0 )1+√3 M-T No No Yes
ds2 =
(
r
r0
)2(1−√3)
dt2 − dr2
1−
(
r0
r
)2/(2−√3) − r2dΩ2ps pr = pl, eΦ(r) = ( rr0 )1−√3 M-T No No No
ds2 =
(
r
r0
)4
dt2 − dr2(
r
r0
)2/3
−1
− r2dΩ2ps pr = pl, eΦ(r) =
(
r
r0
)2
L-M No No Yes
ds2 =
(
̺
̺0
)2β
dt2 − d̺2(
̺
̺0
)− 2(β2−2β−1)
1+β −1
−
(
β2−2β−2
β2−2β−1 − 1
)
̺2dΩ2ps, pr = pl, e
Φ(r) =
(
r
r0
)β
, L-M No No Yes
0 < β < 2
ds2 =
(
̺
̺0
)2β
dt2 − d̺2(
̺
̺0
)− 2(β2−2β−1)
1+β −1
−
(
β2−2β−2
β2−2β−1 − 1
)
̺2dΩ2ps, pr = pl, e
Φ(r) =
(
r
r0
)β
, L-M No No Yes
1−
√
2 < β < 0 or 2 < β < 1 +
√
2
2 < β < 1 +
√
2
ds2 =
(
̺
̺0
)2β
dt2 − d̺2
1−
(
̺
̺0
)− 2(β2−2β−1)
1+β
−
(
1− β2−2β−2
β2−2β−1
)
̺2dΩ2ps, pr = pl, e
Φ(r) =
(
r
r0
)β
, M-T No No Yes
β < 1 −√3 or β < −1 or
1 +
√
3 < β 1 +
√
3 < β
ds2 =
(
̺
̺0
)2β
dt2 − d̺2
1−
(
̺
̺0
)− 2(β2−2β−1)
1+β
−
(
1− β2−2β−2
β2−2β−1
)
̺2dΩ2ps, pr = pl, e
Φ(r) =
(
r
r0
)β
, M-T No No Yes
1 +
√
2 < β < 1 +
√
3 or 1 +
√
2 < β < 1 +
√
3
1 −
√
3 < β < 1 −
√
2
TABLE I: In this table all discussed by us wormhole solutions are listed. We indicate to which class a given solution belongs
and which of energy conditions ρ + pi ≥ 0, ρ + pi ≥ 0 and ρ + pr + 2pl ≥ 0 are satisfied or not. We can see that there are
wormholes of L-M and M-T class which satisfy the energy condition ρ+ pr +2pl ≥ 0. Notice that for wormholes with isotropic
pressure the condition ρ+ pr + 2pl ≥ 0 becomes ρ+ 3p ≥ 0.
1. Wormholes without angle deficit or excess
As we have stated above the solution (42) is a space-
time carrying a topological defect. We are interested
first in considering pseudo-spherical wormhole geometries
without such a topological defect. Hence we must require
for the metric (42) that
1− β
2 − 2β − 2
β2 − 2 β − 1 = ±1. (44)
Therefore, we have β = 1 ± √3 for the upper sign, and
β = 0, 2 for the lower sign.
Let us now consider the values β = 1 ± √3. In this
case the solutions are given by
ds2 =
(
r
r0
)2(1±√3)
dt2 − dr
2
1− ( r0r )2/(2±
√
3)
−
r2dΩ2ps, (45)
κρ =
r40(±2
√
3− 3)
r6
(
r0
r
)±2√3 − 2r2 , (46)
κp =
r40(∓2
√
3− 3)
r6
(
r0
r
)±2√3 + 2(2±
√
3)
r2
, (47)
where we have put, without any loss of generality, C =
1. Note that Eq. (45) implies that grr → 1 if r → ∞,
and then the M-T constraint 3 is satisfied. Also these
solutions satisfy the flare-out condition b−b
′r
2b2 > 0, which
in this case is clearly satisfied since
b− b′r
2b2
=
(
r0
r
)− 2
2±√3
r(2 ±√3) > 0, (48)
for any r ≥ r0.
8On the other hand, the case β = 0 was already dis-
cussed (see Eq. (36)). For β = 2 we obtain the solution
ds2 =
(
r
r0
)4
dt2 − dr
2(
r
r0
)2/3
− 1
− r2dΩ2ps,
κρ = − 5
3r20
(r0
r
)4/3
,
κp =
5
r20
(r0
r
)4/3
− 4
r2
. (49)
where we have put C = −1 in order to have the right
signature in the metric.
In conclusion these four solutions without a topolog-
ical defect belong to two different classes of wormholes:
solutions (36) and (49) belong to the hyperbolic class of
wormholes discussed by Lobo and Mimoso in Ref. [7], and
they clearly do not satisfy the M-T constraint 3, while
the spacetimes (45) belong to the M-T wormhole class.
2. Hyperbolic L-M wormholes with an angle deficit or
excess
We now provide a physical/geometric interpretation
of the obtained pseudo-spherical spacetime (42), by con-
sidering the presence of a topological defect in the met-
ric (42) for any r ≥ r0. It can be shown that this metric
has space sections with an angle deficit (or excess) in the
case of L-M wormhole class as well as of M-T one.
For having a wormhole configuration we must require
b(r0) = r0. Then, the metric (42), energy density and
pressure are provided by the expressions
ds2 =
(
r
r0
)2β
dt2 − dr
2
(
β2−2β−2
β2−2β−1 − 1
)((
r
r0
)− 2(β2−2β−1)1+β − 1
) − r2dΩ2ps, (50)
κρ(r) = − (2β + 1)(β − 3)
(1 + β)(β2 − 2β − 1) r20
(r0
r
) 2β(β−1)
1+β − (β − 2)β
(−2 β − 1 + β2) r2 , (51)
κp(r) = − 2β + 1
(β2 − 2β − 1)r20
(r0
r
) 2β(β−1)
1+β
+
β2
(β2 − 2 β − 1) r2 , (52)
respectively. It becomes clear from Eqs. (51) and (52)
that the fluid density and the isotropic pressure are not
related by a linear equation of state.
We have such a linear equation of state only for β = 0
and β = −1/2. For vanishing β we obtain ρ/3 = −p =
− 1
κr20
, i.e. ω = −1/3. This solution is the discussed above
zero-tidal-force L-M wormhole (36). For β = −1/2 we
obtain for the metric, energy density and pressure that
ds2 =
r0
r
dt2 − dr
2
4
(
1− r0r
) − r2dΩ2ps (53)
κρ = − 5
r2
, (54)
κp =
1
r2
. (55)
As we will discuss below, such a metric represent a M-T
hyperbolic wormhole exhibiting an angle excess.
Let us first show that the metric (42) includes, as
particular solutions, pseudo-spherical spacetimes of L-
M wormhole class carrying a topological defect. The
metric (50) describes L-M pseudo-spherical wormholes
if (β
2−2β−1)
1+β < 0, i.e. for 1 −
√
2 < β < 1 +
√
2. Note
that at this range β
2−2β−2
β2−2β−1 − 1 > 0. By making, for the
radial coordinate, the rescaling
r = ±
√
β2 − 2β − 2
β2 − 2β − 1 − 1 ̺, (56)
the metric (50) takes the form
ds2 =
(
̺
̺0
)2β
dt2 − d̺
2
(
̺
̺0
)− 2(β2−2β−1)1+β − 1
−
(
β2 − 2β − 2
β2 − 2 β − 1 − 1
)
̺2dΩ2ps. (57)
The condition − 1β2−2 β−1 = β
2−2β−2
β2−2β−1 − 1 > 0 ensures
the right signature of the metric (57). For 1 < β
2−2β−2
β2−2β−1 <
2, i.e. for 0 < β < 2, we have a spacetime with an angle
deficit, and for β
2−2β−2
β2−2β−1 > 2, i.e. for 1 −
√
2 < β < 0
or 2 < β < 1 +
√
2, we have a spacetime with an angle
excess. Notice that the power of ̺/̺0 in the radial metric
component of Eq. (57) is positive for 0 < β < 2, so there
exist wormhole of L-M class with an angle deficit. For 1−√
2 < β < 0 and 2 < β < 1 +
√
2 the power − 2(β2−2β−1)1+β
is also positive, so also there exist wormholes of the L-M
9FIG. 1: The figure shows the embedding diagram of the worm-
hole (66) obtained from Eq. (65) for the parameter values
β = 3, r0 = 4, where the throat is located. The solid line cor-
respond to + sign and the dashed line to − sign in Eq. (65).
The embedding shows that the wormhole extends from the
throat at r = 4 to infinity. For a full visualization of the
surface the diagram must be rotated about the vertical z axis
(see Fig. (3)).
class with an angle excess. In this case the energy density
and pressure are given by
κρ(̺) =
(2β + 1)(β − 3)
(1 + β)̺20
(
̺
̺0
)− 2β(β−1)1+β
+
(β − 2)β
̺2
,
κp(̺) =
(2β + 1)
̺20
(
̺
̺0
)− 2β(β−1)1+β
− β
2
̺2
. (58)
It is interesting to note, that for β
2−2β−1
1+β < 0, the
wormhole condition b(r0) = r0 has induced for the met-
ric (50) the behavior g−1rr → 11+2β−β2 (r/r0)
∣∣∣2 (β2−2β−1)1+β ∣∣∣
for r → ∞, i.e. the asymptotic spacetime exhibits an
angle deficit (or excess).
3. Hyperbolic M-T wormholes with an angle deficit or
excess
In order to metric (50) describes solutions of the M-T
wormhole class the M-T Constraint 3 must be satisfied.
Hence we must require that β
2−2β−1
1+β > 0, implying that
the parameter β varies in the ranges −1 < β < 1−√2 or
1+
√
2 < β. In this case the metric (50) may be rewritten
in the equivalent form
ds2 =
(
r
r0
)2β
dt2 −
dr2(
1− β2−2β−2β2−2β−1
)(
1−
(
r
r0
)− 2(β2−2β−1)1+β ) − r2dΩ2ps. (59)
FIG. 2: The figure shows the behavior of the energy density
(solid line) and the pressure (dashed line). The energy density
is always negative, while the pressure is always positive for
r ≥ 4 (note that p=0 at r = 28/9 < 4, where the throat is
located).
FIG. 3: The figure shows the three-dimensional embedding
diagram for the wormhole of Fig. (1).
If r → ∞ we obtain g−1rr → 1 − β
2−2β−2
β2−2 β−1 , implying that
the asymptotic spacetime is given by the metric (43),
which describes a space with an angle deficit (or excess).
By making, for the radial coordinate, the rescaling
r = ±
√
1− β
2 − 2β − 2
β2 − 2β − 1 ̺, (60)
the metric (50) takes the form
ds2 =
(
̺
̺0
)2β
dt2 − d̺
2
1−
(
̺
̺0
)− 2(β2−2β−1)1+β −
(
1− β
2 − 2β − 2
β2 − 2 β − 1
)
̺2dΩ2ps. (61)
The condition 1β2−2 β−1 = 1 − β
2−2β−2
β2−2 β−1 > 0 must be
10
required in order to ensure the right signature of the met-
ric (61). For 0 < β
2−2β−2
β2−2β−1 < 1, i.e. for β > 1 +
√
3 or
β < 1 − √3, we have a spacetime with an angle deficit,
and for β
2−2β−2
β2−2β−1 < 0, i.e. for 1 +
√
2 < β < 1 +
√
3
or 1 − √3 < β < 1 − √2, we have a spacetime with an
angle excess. Notice that the power of ̺/̺0 in the radial
metric component of Eq. (61) is negative for β > 1+
√
3
and −1 < β < 1 − √3, so there exist wormhole of M-T
class with an angle deficit. For 1 +
√
2 < β < 1 +
√
3
and 1−√3 < β < 1−√2 the power − 2(β2−2β−1)1+β is also
negative, so also there exist wormholes of the M-T class
with an angle excess. In this case the energy density and
pressure are given by
κρ(̺) = − (2β + 1)(β − 3)
(1 + β)̺20
(
̺
̺0
)− 2β(β−1)1+β
− (β − 2)β
̺2
,
κp(̺) = − (2β + 1)
̺20
(
̺
̺0
)− 2β(β−1)1+β
+
β2
̺2
. (62)
We note that expressions (58) and (62) for the energy
density and isotropic pressures are identical up to the
sign.
Now, in order for the spacetime (50) to see the shape
of a wormhole of the hyperbolic M-T class, we will em-
bed space slices of the metric (50), or equivalently of the
metric (59), satisfying the conditions β
2−2β−1
1+β > 0 and
1− β2−2β−2β2−2 β−1 > 0, as surfaces of revolution in an Euclidean
3-dimensional space. For producing embeddings we shall
consider two dimensional space slices of the metric (50)
by making the restriction t = t0 = const and sinh(θ0) = 1
(which implies that θ0 = ln(1 ±
√
2)). With these con-
straints the respective two-dimensional line element may
be written as
ds2 =
dr2(
1− β2−2β−2β2−2β−1
)(
1−
(
r
r0
)− 2(β2−2β−1)1+β ) + r2dφ2,
(63)
To visualize this space slice we identify Eq. (63) as the
metric of a surface of revolution in R3, embedded into
Euclidean metric, written in cylindrical coordinates as
ds2 = dz2 + dr2 + r2dφ2. (64)
Comparing both metrics we conclude that
dz
dr
= ± 1√
β2−2β−1
β2−2β−2+( r0r )
2(β2−2β−1)
1+β
− 1
. (65)
Let us briefly discuss particular solutions defined by the
parameter values β = 3, r0 = 4 and β = −1/2, r0 = 4.
FIG. 4: The figure shows the embedding diagram of the worm-
hole (69) obtained from Eq. (65) for the parameter values
β = −1/2, r0 = 4, where the throat is located. The solid
line correspond to + sign and the dashed line to − sign in
Eq. (65). In this case the wormhole extends from the throat,
at r = 4, to r = 16/3. For a full visualization of the surface
the diagram must be rotated about the vertical z axis (see
Fig. (5)).
For β = 3 and r0 = 4 the respective metric, energy den-
sity and pressure are given by
ds2 =
r2
64
dt2 − dr
2
1
2 − 2r
− r2dΩ2ps, (66)
κρ = − 3
2r2
, (67)
κp = −14
r3
+
9
2r2
. (68)
This spacetime describes an hyperbolic wormhole with a
throat located at r = 4, and in the asymptotic limit we
obtain a spacetime with an angle deficit. In this case, the
coordinates θ and φ are redefined as follows:
−∞ < θ˜ = θ/√2 <∞ and 0 ≤ φ˜ = φ/√2 ≤ √2π.
In Fig. (1) we show the embedding of this hyperbolic
wormhole, while in Fig. (2) the behavior of the energy
density and the isotropic pressure are shown.
Now, for β = −1/2 and r0 = 4 the metric is provided
by
ds2 =
1
r
dt2 − dr
2
4− 16r
− r2dΩ2ps, (69)
while the energy density and pressure are given by
Eqs. (54) and (55) respectively. This spacetime describes
an hyperbolic wormhole with a throat located at r = 4,
and in the asymptotic limit we obtain a spacetime with
an angle excess. The coordinates θ and φ are redefined
as follows: −∞ < θ˜ = 2θ < ∞ and 0 ≤ φ˜ = 2φ ≤ 4π.
The embedding shows (see Fig. (4)) that the wormhole
extends from the throat, at r = 4, to r = 16/3.
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FIG. 5: The figure shows the three-dimensional embedding
diagram for the wormhole of Fig. (4).
V. CONCLUSIONS
We have shown that in pseudo-spherically symmetric
spacetimes there are two classes of static wormhole so-
lutions: one of them discussed by Lobo and Mimoso in
Ref. [7], and another one discussed by us in this paper.
The L-M class may be written in the form (5) and is char-
acterized by the condition (6), while the second class of
hyperbolic wormholes may be written in the form (7)
and is characterized by the M-T condition (2). The use
of Eqs. (2), (5), (6) and (7) is the main criterion to de-
termine to which class of wormholes a given hyperbolic
solution belongs.
We obtain exact solutions belonging to both classes
of static and pseudo-spherically symmetric spacetime
wormholes. The specific studied solutions are obtained
by considering several equations of state or by impos-
ing restricted choices for the redshift function and/or the
shape function.
It is interesting to remark that for all obtained pseudo-
spherical wormhole solutions we have that at the throat
the energy density is negative, while the radial pressure
positive. In general, it can be shown that this is true
for any hyperbolic wormhole, including L-M wormholes,
as well as M-T ones. Effectively, from the radial metric
component in metric (7) we may write for the proper
radial distance that
l(r) = ±
∫ r
r0
dr′√
1− b(r′)r′
. (70)
From this expression it can be shown that at the throat
always the relation
b′(r0) ≤ 1 (71)
is satisfied [2]. Thus, from Eq. (8) we obtain for the en-
ergy density κρ(r0) ≤ −1/r20, implying that at the throat
the energy density is always negative.
On the other hand, if the redshift function is finite for
r ≥ r0, Eq. (9) implies that κpr(r0) = 1/r20, so the radial
pressure is always positive at the throat. Notice that κρ+
κpr|r0 = (b′(r0) − 1)/r20 . Thus, by taking into account
Eq. (71) we conclude that at the throat ρ+ pr|r0 ≤ 0.
From Eq. (10) we obtain that at the throat the rela-
tion κpl(r0) = (1 − b′)(1 + φ′(r0)r0 + 1)/(2r20) is valid
for the lateral pressure. Therefore, Eq. (71) implies that,
at the throat, for φ′(r0) > −1/r0 the lateral pressure is
positive, while for φ′(r0) < −1/r0, the lateral pressure
is negative. This is why for the zero-tidal-force hyper-
bolic wormholes (15) and (27) the lateral pressures (17)
and (30) are positive. In conclusion, it follows from these
results that an hyperbolic wormhole can not be sustained
at the throat by phantom energy, since always the energy
density is negative, and at least the radial pressure is al-
ways positive.
Notice that in opinion of the authors of [7] the static
hyperbolic tunnels are constructed by adding exotic mat-
ter to the vacuum solution (38), which is the pseudo-
spherical vacuum counterpart of the Schwarzschild solu-
tion.
On the light of our results, this statement is not true,
since, strictly speaking, the metric (38) should be ob-
tained from any hyperbolic wormhole when the exotic
matter vanishes (we should obtain a background solu-
tion with gtt = 2µ/r − 1, which vanishes at r = 2µ).
This clearly does not happen, even in the case of hyper-
bolic L-M wormholes discussed in Ref. [7].
In our case, most of static hyperbolic M-T wormholes
are constructed by adding exotic matter to the space-
time (31). This spacetime is the hyperbolic counterpart
of the Minkowski background (and not of the vacuum
Schwarzschild solution), on which most of spherically
symmetric wormholes are constructed by adding exotic
matter to it.
For example, for the zero-tidal-force hyperbolic M-T
wormhole (27) we have that if r0 = 0 the background
solution (31) is obtained. While, for the zero-tidal-force
hyperbolic L-M wormhole (15), neither the metric (31)
nor (38) are the background spacetimes on which the
solution (15) is constructed by adding exotic matter to
one of them.
In the table I all discussed by us wormhole solutions
are listed. We indicate to which class a given solution
belongs and which energy conditions are satisfied.
Lastly, let us remark that the counterpart of the static
and spherical self-dual Lorentzian wormhole discussed in
Ref. [12] is not a wormhole in pseudo-spherically symmet-
ric spacetimes. Effectively, this two-parameter family of
spherically symmetric, static Lorentzian wormholes is ob-
tained as the general solution of the equations ρ(r) = 0
and Tij − 12Tgijuiuj = 0, where uiuj = 1. All these solu-
tions have a vanishing scalar curvature R = 0. The con-
ditions required for these self-dual Lorentzian wormholes
imply that in pseudo-spherical spacetimes the metric is
given by
ds2 =
(
k + λ
√
2m
r
− 1
)2
dt2 − dr
2
2m
r − 1
− r2dΩ2ps,
where k, λ and m are constants of integration. This
class of solutions, as well as the spherical symmetric one,
includes the vacuum hyperbolic version of the spherically
symmetric Schwarzschild solution, which is obtained by
requiring k = 0. This solution is obtained by adding a
matter source to the vacuum metric (38), however, in
12
order to have grr > 0 we must require that 0 < r < 2m,
and then this spacetime does not describe a wormhole
geometry.
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